S.-T. Yau College Student Mathematics Contests 2017

Analysis and Differential Equations
Individual
Please solve the following problems.

1. Suppose f(x) is a positive and continuous function over [a,b] and g(z) is a positive
and decreasing function over [a,b]. Prove that

f(f zf(z)g(x)dx < fab xf (z)dx
Jo f@gyde — [} f(x)da
2. Let E be a closed subset of R" and
E,={zeR": d(z,E) =r}, forr>0.
Prove that F, is measurable and is of Lebesgue measure zero.

3. (1). Prove that

w%z:/ (l—x”)’%dx
0

is a conformal mapping from the unit disk onto the interior of a regular n-gon I.
(2). Find an explicit formula for the boundary value problem of the Laplace equation
over an n-gon I', where ¢ is a continuous function on 0OI':

Au =0,
ulor = ¢.
4. Prove the uniqueness of the following problem for u(z,t) of

Up = Ugy, 0 (—1,1) x (0, +00),

u(£l,t) =1, for >0,

u(z,0) =0, for ze€(—1,1),

u is uniformly bounded. (%)
Prove that the last condition (%) is necessary for the result.

5. Let (v,u)(z,t) (0 <z <1,t>0)withov >0for0 <z <1,t>0bethe C*® smooth
solution of the following initial boundary value problem

Vi — Uy = 0 Uy + ( ) =
(= %) (0.8) = (% — 5) (Lt) =
U(ZL‘,O) _UO( )7“( ) (:E)70
where v > 1 is a constant.
Prove that

() , 0<z<1,t>0
t 0, t>0

—_



(1)
e 1 e 1
/o <§u2 + — 11)1_”’) (x,t)dx < /0 <§u(2) + — 11}3_7) (x)dx, for t>0.

(2) there exist positive constants ¢y, ¢o, c3, ¢4 independent of x and ¢ such that

1 1
c1vo(x) (1 + cavy ' (@)t) 7 < w(w,t) < czvo(z) (1 + cavy ' (2)t)”
for0<x<1,t>0.



